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ABSTRACT: At an interim point in a clinical trial, trial organisers may wish to use the data 
on the initial series of patients to judge the likely consequences of further patient 
accrual. Halperin and colleagues (Controlled Clin Trials 3:311-323, 1982) have suggested 
calculating the power of a continued trial, conditional on the data observed so far and 
the null and alternative hypothesis specified at the start of the trial. Here we argue 
that this idea should be extended to obtain the predictive power of the trial, derived 
by averaging the conditional power with respect to the current belief about the un- 
known parameters. Although numerical methods are generally required for evaluating 
the necessary integrals, the results may be presented graphically and enable the stat- 
istician to answer the question: "With the data so far, what is the chance that the trial 
will end up showing a conclusive result?" 
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I N T R O D U C T I O N  

W h e n  faced with  inter im results  f rom a long- term clinical trial, a collabo- 
rative g roup  will weigh  m a n y  factors in de te rmin ing  whe the r  early termi- 
nat ion of the exper iment  is appropr ia te .  Halper in  and  colleagues [1] have  
recently sugges ted  a statistical aid to this difficult decision based on the frame- 
work  of "stochastically curtailed tests ."  Specifically, they r e c o m m e n d  esti- 
mat ing  two condit ional  probabili t ies of the null hypothes i s  being rejected 
were  the trial to cont inue  to its p l anned  extent; the first probabil i ty is con- 
ditional on the data observed  so far and  the null hypothes i s  being true, 
whe reas  the second is condit ional  on the current  data and  the t ruth of an 
al ternative hypothes i s  specified as the "expec ted"  i m p r o v e m e n t  at the start  
of the trial. These  two probabili t ies m a y  be cons idered  as values  of a conditional 
power function. Ander sen  [2] has also recently sugges ted  this approach  to 
inter im analyses  in clinical trials with survival  t ime as the response  variable. 
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In this article we argue that these suggestions fall short of being an intuitive, 
rational aid. In particular, simply conditioning on selected hypotheses that 
were specified at the start of the trial ignores the considerable knowledge 
concerning the treatment effects that has accumulated by the time of interim 
analysis. In particular, there seems little point in being concerned about power 
conditional on hypotheses that are no longer fairly plausible. Hence we sug- 
gest extending the "conditional" analysis to an "unconditional" prediction of 
the consequences were the trial to continue. Since this essentially involves 
averaging the conditional power function with respect to the current opinion 
about the treatment effect, we are led to a Bayesian approach but one that 
need not necessarily be based on subjective judgments, but on the results of 
the first part of the trial. 

We should emphasize that we are not concerned with formal stopping 
criteria corresponding to prespecified sequential designs with fixed Type I 
and Type II error [3]. Such designs only have their stated properties if the 
decision to stop is based purely on a formal statistical argument, which we 
believe is seldom appropriate. Rather, our approach is a response to the 
question we find is often posed to the statistician in a collaborative group: 
"What, given the data so far, are the chances of getting a conclusive result if 
we complete the trial?" It is unreasonable that such an intuitive request is 
currently unanswered by conventional methodology. 

We first describe the analytic steps in a general notation, and then in the 
following section we illustrate our argument using the particular case of two- 
group binomial sampling. Let Xr denote the future data to be observed in the 
remaining part of the trial, and x0 the data observed so far. It is assumed that 
Xf and x0 are both random samples from a distribution conditional on the 
unknown parameters 0 that describe both the treatment effect of interest and 
any other nuisance parameters. We define a critical region R of future ob- 
servations, so that Xf ~ R implies that the overall data (X~, Xo) will lead to a 
"firm conclusion." 

Clearly the definition of "firm conclusion" depends on the aims of the study, 
and possibly on the statistical ideology of the investigators. Although fully aware 
of the limitations of hypothesis tests as summaries of a trial, we assume here, for 
the sake of familiarity, that the trial participants are concerned with a signifi- 
cance test of a null hypothesis defined on 0, where a "firm conclusion" repre- 
sents rejection of the null hypothesis at the 100c~% level. The region R will de- 
pend on x0, the final sample size, and the significance level c~: we assume no 
adjustment is made in the significance level for the possibility that the trial may 
have been terminated early. Other, more preferable forms of "firm conclu- 
sions," such as confidently asserting treatment equivalence within a certain range, 
may also be treated within this framework. 

Firstly, the conditional power function p(Xf E RIO ) should be calculated 
and plotted. Secondly the current belief concerning 0 should be plotted as a 
posterior distribution p(01x0 ), derived via Bayes's theorem from a pretrial prior 
distribution p(0); p(0) will generally be "noninformative" [4], so that our pre- 
dictions can be considered as being based only on the data observed so far. 
Thirdly the conditional power may be averaged with respect to the posterior 
distribution to produce an unconditional, predictive probability of rejecting 
the null hypothesis: 
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p(Xf ~R) ]x0) = f p(Xf ER]0)p(0] xo)dO. 

Finally, we note that it may be more "communicative" to calculate the 
predictive judgments in an alternative manner. The rejection region R may 
be explicitly calculated and superimposed on a plot of the predictive distribution 
of the future data conditional on the observed data so far" 

p(X~l x0) = f p(X~l 0)p(0lx0)d0. 

The predictive probability of rejecting the null hypothesis is then obtained 
by integrating the predictive distribution over R. A general discussion of the 
predictive approach in a biometrical context is provided by Geisser [5]. 

The above description may appear rather technical, and numerical methods 
will usually be required to evaluate the necessary integrals. However, the 
essential results may be presented graphically so as to preserve the intuitive 
appeal of the approach. In the next section, we present a reanalysis of Hal- 
perin's example, in which simplifying assumptions are adopted in order to 
emphasize the conceptual rather than the technical issues. 

AN EXAMPLE IN BINOMIAL SAMPLING 

Suppose a trial is being conducted in which a binomial response is observed 
in two groups labeled "control," (C) and "treatment" (T), in which pc and pT 
are the unknown underlying probabilities of the event of interest occurring 
to a patient in the respective groups. At an interim point in the trial, suppose 
mc control patients and mT treatment patients have been entered and rc and 
rv events observed in the two groups. The trial organizers are considering an 
extension of the trial to include a further nc control and nv treatment patients 
and wish to assess the likely consequences, expressed as the chance that this 
extension will lead to a rejection of the null hypothesis Pc = PT by a one- 
sided test at the 100c~% level. 

Let Sc and ST denote the random number of events to be observed in the 
two future groups, making the necessary assumption that the remainder of 
the trial is carried out in the same circumstances as the initial part. Thus, in 
the notation of the previous section, X~ = (So ST), X0 = ( ro  rT) and 0 = (pc, 
pT). Then the critical region R consists of those future observations that will 
lead to rejection of the null hypothesis, i.e., 

R = [Sc, ST]Z > k~], 

where k, is the upper 100(1 - a)% point of a standard normal distribution, 
and Z is the approximate standardized normal statistic with continuity cor- 
rection calculated on the basis of comparing observed proportions 
(rc + Sc)/(mc + nc) and (r~ + ST)/(roT + nT). The conditional power func- 
tion is defined as 

p( Sc, ST ~ RIrc, mc, no Pc, rT, mT, rlT, pT) 

and a good approximate formula for this is provided in Appendix 1. 
Halperin and colleagues introduce an example that they analyze using the 

conditional power argument. They consider 1249 patients in each of a control 
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and t rea tment  group,  who  are all to be observed for 5 years. After 3 years,  
67 of the control group group  and 43 of the t reatment  group have died. They  
envisage the prospect  of testing the hypothes is  Pc = pT, where  these denote  
the respective 5-year dea th  rates, after observing for a fur ther  2 years. 

Our  proposals  are primarily in tended  for trials with s taggered accrual and 
short- term outcome,  whereas  Halper in 's  example has all patients entered  at 
the outset  with pro longed  follow-up. Nevertheless ,  in order  to compare  the 
alternative conceptual approaches, we can reformulate Halperin's s tudy within 
our  terms wi thout  too much  distortion. 

Specifically, if we assume dea th  occurs at a low constant  hazard rate, then,  
w h e n  pu t  in terms of "pat ient-f ive-years" the s tudy  may  be roughly  consid- 
ered  as being equivalent  to having observed 3/5 x 1249 = 887 = mc = mT 

patients  each with probabili ty Pc or PT of death,  with the prospect  of a fur ther  
2/5 x 1249 = 592 patients to come in each group,  and rT = 43, rc = 67. 
Figure 1 shows condit ional power  functions der ived as shown in Appendix  
1 for c~ = 0.05, plot ted as contours.  

We note  that the contour  heights decline as the parameters  tend to those 
likely to lead to future  data that would  cancel out  the current  superiori ty  

Figure 1. 
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"Conditional power" contours showing the probability of rejecting 
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shown by the treatment group. Halperin et al. calculate, using a similar ap- 
proximate formula, that the conditional power when pc = p~ = 0.03 is 0.54 
compared to our 0.48, and under the alternative hypothesis that 
pT = 0.7 x pc = 0.021 their conditional power is 0.97 compared with our 
0.96; the agreement is reasonable considering our reformulation. 

In the previous section we described how we would extend their argument. 
Essentially we should calculate not only the conditional power function, but 
also the current plausibility of the various values of pc and PT. This "belief" 
is expressed as posterior distributions for pc and PT, derived from the data 
currently available, as described in Appendix 2 and displayed in Figures 2a 
and 2b. Making the simplifying assumptions of independent pretrial opinions 
about control and treatment responses, the posterior beliefs are independent 
beta distributions from which a joint distribution may be drawn as a contour 
plot (Fig. 2c). 

By superimposing Figures 1 and 2c it can be seen that the bulk of belief 
given the data so far is concentrated on values of the parameters that, if true, 
would almost certainly lead to rejection of the null hypothesis, were the trial 
to continue. Indeed, the observed data already provide substantial evidence 
against H0. The current Z statistic, based on comparing proportions 43/887 
and 67/887, is 2.26 with a one-tailed p value of 0.012; and the posterior prob- 
ability that pT is greater than pc obtained by numerically integrating the pos- 
terior distribution over the upper triangle of Figure 2c is equal to 0.009. Thus 
both classical and Bayesian philosophical approaches would infer substantial 
evidence for pTbeing less than pc on the data so far, although neither approach 
would necessarily recommend stopping at this poin.~: the classical statistician 
may wish to adjust the overall p value for the interim analyses that have been 
planned whereas the Bayesian may demand more certainty because of the 
cost of drawing a false conclusion. 

This example shows that it may well seem reasonable to terminate the trial 
immediately, even though were the trial to continue Figure 1 shows there is 
still about a 50-50 chance of rejecting H0 (control mortality = treatment mor- 
tality) if it is actually true: this latter point does not seem to provide genuine 
grounds for concern, given the unlikeliness that H0 actually is true. 

As a summary to help in the decision whether to terminate the trial, it is 
useful to assess an overall predictive probability of rejecting H0 were the trial 
to continue. This is obtained by numerically integrating the conditional power 
function of Figure 1 with respect to the joint posterior distribution in Figure 
2c. We may do this separately for the values of pr and pc: in the lower and 
upper triangle to obtain the summary shown in Table 1. 

We note that overall there is about a 95% chance of rejecting the null 
hypothesis at the 5% level were the trial to continue. This may seem sur- 
prisingly low in view of the fact that in a classical analysis the null hypothesis 
could already possibly be rejected with the data in hand, depending on the 
predefined stopping criteria; however, the predictions take into account the 
possibility that future observations may serve to cancel out the effect observed 
so far. 

There is an alternative, and possibly more intuitive, way of deriving and 
displaying the above conclusions, in which the critical region R is explicitly 
calculated by numerical solution of the equation Z = k~. The joint predictive 
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Figure 2(a). Cur ren t  marg ina l  belief concern ing  pT. 2(b). Cur ren t  margina l  belief 
concern ing  pc. 2(c). Cur ren t  joint  belief concern ing  pc and  pT, expressed 
as contours  of 1%, 10%, 50%, 90%, and  99% of the m a x i m u m  ordinate ,  
a s s u m i n g  pretrial  i n d e p e n d e n c e  of pc and  pT. 
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T a b l e  1. Predictive Probabilities of Eventual  Conclusion Related to True 
Hypo thes i s  

Conclusion 
at End of Trial 

True Parameter Order 
pc < pT pc > pT 

(Control Superior) (Treatment Superior) 

Reject H0 in 
0.004 0.946 0.950 favor of po > pT 

Do not 
reject H0 0.005 0.045 0.050 

0.009 0.991 1.000 

distr ibution of Sc and  St ,  der ived  in Append ix  3, m a y  then  be s u p e r i m p o s e d  
on R to p roduce  the display in Figure 3. It is clear that  the bulk  of the plausible 
future  values  of Sc and  ST lie inside R, and  numerical  integrat ion over  R 
reveals an i n d e p e n d e n t  check of the predic ted p o w e r  of 0.950. A picture such 
as Figure 3 wi th  the n u m b e r s  conta ined  in Table 1 seems to prov ide  the 

Figure 3. 
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precise, quantitative expression of the considerations usually required to aid 
decision making during the progress of a clinical trial. 

DISCUSSION 

We have found this technique particularly useful when the early part of a 
trial shows some evidence against a null hypothesis, although not as strong 
as in our example above, and the participants wish to know whether  it is 
worthwhile continuing. Of course, a predicted probability of rejecting the null 
hypothesis, were a further nT- + nc patients enrolled, does not provide the 
answer to whether  to carry on; the decision may depend on the current 
direction of the departure from the null hypothesis, the cost of the proposed 
extension, and the many other criteria that influence whether  to terminate a 
trial prematurely. We emphasize that, although it provides a valuable aid to 
the team's decision, "predicted power" should not be treated as a formal 
criterion for stopping. 

The calculations, in general, require numerical solution. However, we have 
found a simple approach based on a fairly fine, equally spaced, 60 x 60-grid 
followed by simple summation quite adequate, as is reflected in the agreement 
obtained in the two means of obtaining the overall power of continuing the 
study: by integrating the conditional power function with respect to the cur- 
rent posterior distribution of the parameters, and by integrating the predictive 
distributions of future events over the critical region. If the samples are large 
and pc and pT are neither near 0 nor 1, it may be possible to work simply in 
terms of the difference in observed proportions, for which a normal sampling 
distribution with mean pc - PT is assumed. This is" equivalent to assuming 
normal posterior and predictive distributions and linear rejection boundaries: 
the predicted powers can then be obtained from the distribution function of 
a bivariate normal distribution. However, estimates of pc(1 - pc) and pT(1 -- pT) 
are necessary for the variance of the observed difference in proportions; using 
the current data for estimates in the Halperin example, this approach yields 
a predictive power of 0.958, which is close to that obtained by the "exact" 
method that assumed prior independence. 

A number of other studies have used predictions based on parameter 
distributions to investigate proposed trial designs. Herson and colleagues [6,7] 
consider single-sample binomial sampling in Phase II studies, McPherson [8] 
suggests using subjective prior opinion to predict the effect of multiple interim 
analyses, and we have advocated a similar approach [9]. However, each of 
the above has remained within the classical Neyman-Pearson framework of 
guaranteeing fixed type I and type II error relative to a prespecified hypoth- 
esis. We now feel this inappropriate and, essentially, the type II error should 
be averaged with respect to our belief about the unknown parameters; 
we believe this is a natural extension of viewing the alternative hypothesis 
as an expected improvement, as specifically stated by Halperin and col- 
leagues [1] and by many other authors. We have also explored this 
approach in the context of making predictions before a trial even starts, by 
using the subjective opinions of clinicians to provide an initial distribution for 
the parameter [10]. 
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APPENDIX 1: CONDITIONAL POWER FUNCTION 

The test statistic Z, to be calculated at the end  of the trial, m ay  be writ ten 

Z = P c  - PT --  r/2 
[p(1 - p)r] 1'2 

where  r = (mc + nc) 1 + (mr + nr) -1, ]~c = (rc + Sc)/ (mc + nc) is the 
potential  est imate of pc, PT is def ined in parallel to P o  and p = (rc + Sc + r 
T + ST)/(mc + nc + m T  + nT) i s  the mortali ty rate that would  be est imated 
unde r  the null hypothesis .  

Following previous  authors  [11,12] we approximate  j~ by its condit ional 
expectat ion p' = (rc + ncPc + rr + nTpT)/n, where  n is the total sample size 
mc + nc + m T  + nT. Then the criterion for rejecting H0 is 

Pc - Pr > k~[p'(1 - p'] + r/2. 

Now define 

E = E(~c - PT[pC,pT) = (rc + ncpc)/(mc + nc) -- (rr + nTpw)/(mr + n;),  

V = V(pc - PTIpOPT) = ncpc(1 - pc)/(mc + nc) 2 + nwpr(1 - pr) /mr + nr) 2, 

and then  the condit ional  power  is approximate ly  

1 - , { k ~ [ p ' ( 1  - p')r] + r/2 - E }  
V l l 2  

where  ~ (  ) is the s tandard  normal  distribution function. The contours  in Figure 
1 are der ived from this formula.  

APPENDIX 2: POSTERIOR DISTRIBUTIONS 

Consider  the control  group,  in which re events  are observed in mc trials. 
We assume our  pretrial opinion about  Pc is expressed by a beta prior distri- 
but ion with parameters  (a,a). Then  it is a s tandard result that the poster ior  
distribution is beta wi th  parameters  (a + r o  a + mc - rc) [4]. 

Different criteria for "noninformat ive"  priors set a = 1, 1/2, or 0 [13], al- 
t hough  this choice has little effect on  the results of the analysis. We adopt  
the convent ion  that a = 0, and hence  the posterior  distribution plot ted in 
Figure 2a is 

P(pc l romc)  = (mc - 1)! r C - I (1 --  pc)m¢-~ -1 
(rc - 1)!(mc - rc - 1)! pc 

which has mean  rclmc---the maximum likelihood estimate of pc. The marginal  
distribution of Pr is similarly derived.  It would  be quite reasonable to wish 
to express a pretrial correlation be tween  Pc and pr, and it would  be possible 
for this to be in t roduced,  at the cost of some additional computat ional  com- 
plexity. It would ,  perhaps ,  be more  natural  to represent  this correlation by 
reparameter iz ing in terms of a prior on a parameter  of t rea tment  difference, 
plus an i ndependen t  prior  on the control mortality. For the purposes  of this 
simple example,  however ,  we take the default  posit ion of assuming prior 
independence  be tween  Pc and Pr. Since this implies the posterior  distributions 
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are independent, the contours  in Figure 2c are obtained from the joint dis- 
tribution p(pdromc)p(PvlrT,mT). 

APPENDIX 3: PREDICTIVE DISTRIBUTIONS 

Given the poster ior  distribution der ived in Appendix  2, the predictive 
distr ibution of the number of events  Sc in the next  nc patients  in the control  
g roup  is given by 

p( S c l n o r o m c )  = f p( Sclnopc)p(pclromc)dpc 

f nc! = inc Z ~c) !Sc! " pcSC(1 - pc)"~- s~. p(pc lromc)@c 

nc!(rnc - 1)! ( rc  + Sc - 1)! (nc  - Sc + mc - rc - 1)! 

(nc - Sc)! Sc! (rc - 1) !(mc - rc - 1) !(nc + mc - 1)!' 

which is a beta-binomial  distribution [14]. The contours  in Figure 3 re obtained 
from the joint predictive distribution p(Sc[norc,mc)p(ST[nr,rT,mT). 
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